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Abstract. In this paper we study the Bruhat decomposition of not nec- 
essarily connected reductive quasi-spht groups G with respect to not nec- 
essarily connected parabolic subgroups. If G is defined over a finite field, 
we construct a smooth morphism from the stack classifying F-zips with G- 
structure to the stack classifying the generalized Bruhat cells and study the 
relation between the resulting stratifications. We apply these general results 
to the twisted orthogonal F-zip given by the second De Rham cohomology 
of a relative surface, focussing on K3-surfaces. 

Introduction 

Background 

Let X —7- 5 be a smooth proper morphism of schemes in characteristic p > 
whose Hodge spectral sequence degenerates and is compatible with base 
change. In [MoWd] Moonen and the author showed that its relative De 
Rham cohomology H^^{X / S) carries the structure of a so-called F-zip over 
S, i.e., it is a locally free sheaf of ^5-modules of finite rank together with 
two filtrations C* and D, (the "Hodge" and the "conjugate" filtration) and 
a Probenius linear isomorphism 99, between the associated graded vector 
spaces (the "Cartier isomorphism"). Very often these F-zips are equipped 
naturally with additional structures (for instance induced by the cup prod- 
uct, by polarizations, or by the action of an algebra on X). In |PWZ2) 
Pink, Ziegler, and the author provided a general framework of i^-zips with 
G-structure, where (5 is a (not necessarily connected) reductive group de- 
fined over a finite field. Specializing G to GL„ one obtains -F-zips of rank n, 
specializing to other classical groups one obtains F-zips with certain addi- 
tional structure, e.g., with a non-degenerate symmetric or alternating form. 

Moreover, in |PWZ2| we introduced the notion for an F-zips with 
G-structure to be of type /i, where fi is cocharacter of G. The type is 
locally constant on the base scheme. For F-zips with GL„-structure the 
type simply determines ranks of the graded pieces of the filtration of the F- 
zips (i.e., the Hodge numbers if the F-zip is induced by a morphism X ^ S 
as above). F-zips with G-structure of type fi are parametrized by a quotient 
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stack of the form [£'^\G], where is certain hnear algebraic group depend- 
ing on the cocharacter /i. We studied this quotient stack in detail in [PWZlj . 
classifying the £'^-orbits in G by a subset of the Weyl group of G and 
describing their closure relation using a variant of the Bruhat order. This 
reduces the study of isomorphism classes of F-zips with G-structure and 
their degeneration behaviour to combinatorial questions in Coxeter groups, 
which are nontrivial in general. 

Bruhat strata and zip strata 

In this paper this invariant is related to a coarser invariant which encodes for 
GL„-zips simply the relative position of the two flags given by the filtrations 
C* and D,. In general it is given by the double quotient [P\G/Q], where P 
and Q are certain (not necessarily connected) parabolic subgroups of G. 

Thus in the first section of the paper the quotient stack [P\G/Q] is 
studied in detail. If G is connected and split and if P = (j = -B is a Borel 
subgroup, then [P\G/Q] parametrizes the Bruhat cells of G. Thus we call 
[P\G/Q] a Bruhat stack of G. We assume that G is quasi-split because this 
simplifies the notation considerably and this assumption holds automatically 
in the rest of the paper, where G is always defined over a finite field. If G is 
connected and split, the quotient [P\G/Q] is of course well known and the 
results presented here are modest generalizations to the non-connected and 
the non-split case. We determine the underlying topological space of the 
Bruhat stack (Proposition ll.lOp and the dimension of all residual gerbes in 
each point of the Bruhat stack (Proposition 

We then construct in the second section a smooth morphism (3 from 
the stack of F-zips with G-structure of a fixed type to a certain Bruhat 
stack of G which specializes for G = GL„ to the morphism which attaches 
to an F-zip as above the underlying flags of the two filtrations C' and 
Z?,. Hence one gets for every F-z'ip with G-structure over a scheme S two 
stratifications (i.e., decompositions into locally closed subschemes): The 
stratification by the isomorphism class of the -F-zip with G-structure (the 
zip stratification) and the stratification by its class in the Bruhat stack (the 
Bruhat stratification). We describe the map induced by /3 on its underlying 
topological spaces (Proposition [2T0]) and hence relate zip strata and Bruhat 
strata (Corollary [2TI2]). 

Applications 

In the third section we apply these results to H^^{X/S), where X/S is a 
relative surface over an Fp-scheme S with p odd satisfying the conditions 
above. Our main example are K3-surfaces, but abelian surfaces or En- 
riques surfaces yield further examples. The cup product yields the structure 
of an F-zip with GO(y, 6)-structure on H^^{X/S), where GO{V,b) is the 
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group of orthogonal similitudes of a split quadratic space {V, b) over ¥p. 
For p-principally polarized K3-surfaces we also consider the primitive De 
Rham cohomology. If n := dim{V) is even, then GO{V, b) is of Dynkin type 
Dn/2 and non-connected. If n is odd, it is of Dynkin type -B(n-i)/2 arid 
connected. We determine explicitly the underlying topological spaces of the 
Bruhat stack and of the stack of F-zips with GO(y, 6)-structure in this case. 
We show that the Bruhat stack is connected in both cases and consists of 
precisely three points id, si, and wi. In particular the primitive De Rham 
cohomology of a ^-principally polarized K3-surface over a scheme S yields 
three corresponding Bruhat strata ^'^S, and "^^S, and results of Ogus 
show that "'^S' is the open locus where the K3-surface is ordinary and that 
^'^S is the closed locus, where X is supersingular of Artin invariant 1. 

In a further paper [Wd2] we will study the Bruhat stratification for 
Shimura varieties of PEL type and use the results obtained here to prove 
geometric properties of these strata such as smoothness and their dimension. 

1 The Bruhat stack 
1.1 Double quotient stacks 

Let X be a set, let G be a group acting on X from the left. Then we denote 
by the following category. Objects are the elements of X and for 

x,x' & X we set 

Homjc^x] {x, x') := {g e G ; gx = x' }. 

Composition is defined by multiplication in the group G. Then this category 
is a groupoid (i.e., every morphism is an isomorphism), and the isomorphism 
classes in [G'\X] are in bijective correspondence to the set of G-orbits on X. 

Now let k he a, field, S = Spec k, let Z he a /c-scheme, let G be a group 
scheme of finite type over k acting on Z from the left. For every affine 
fe-scheme U = SpecR let [G\Z]'^ he the groupoid [G{R)\Z{R)]. Every 
morphism of affine /c-schemes f '■ Ui ^ U2 induces by functor iality a functor 
/* : — > [G\Z][^^. It is easy to check that we obtain a A;-groupoid 
Let [G\Z] its stackification. Then it is shown in [Stacks] 59.14.4 that 
can be identified with the quotient stack defined in [LaMoj (2.4.2). It 
is an algebraic stack by [LaMoj (10.13.1). 

Similarly we define an algebraic stack [Z/G] if G is acting from the right 
on Z. 

Let H he a, subgroup scheme of G. Then [H\G] is representable by a 
scheme of finite type which we denote simply by H\G. 

Let K he a second subgroup scheme of G. Let [K\^iG] he the quotient 
by the left action K x G ^ G, {k,g) 1— t- gk"^. Then id^ on objects and 
k 1-^ k~^ on morphisms yields an isomorphism of algebraic stacks (in fact of 
schemes) [K\-iG] ^ [G/K] which we use to identify these two stacks. 
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We let H X K act on G from the left by {h,k) ■ g := hgkr^ and denote 
the corresponding quotient stack simply [H\G / K]. For = 1 or if = 1 we 
obtain the schemes H\G and G/K, respectively. Multiplication from the 
left defines a left action from H on G/K and multiplication from the right 
defines a right action from K on H\G. It is easy to check (on the level of 
A;-groupoids [ ]' as above) that there are equivalences 

(1.1.1) [H\G/K\ - [H\{G/K)\ - [{H\G)/K\. 

We also have the following lemma. 

Lemma 1.1. The morphism 

[H\G/K] [G\{G/H Xk G/K)] 

induced hy g ^ (liff) is an isomorphism of algebraic stacks. 

Proof. It is straight forward to check that g i— t- (1,(?) already yields an iso- 
morphism of fc-groupoids [K\{G/H)]' — > [G\{G/H Xk G/K)]'. Its inverse 
is given by (51,(72) 91^92- In particular its stackification is an isomor- 
phism. □ 

1.2 General notation 

Let k be a field, choose a separable closure /c^'^p of k, and let Gal(A;*'°P/A;) 
be its Galois group. For every A:-scheme X and every fc-algebra R, we set 
Xr := X ®fc R. 

By a linear algebraic group over k we mean a smooth affine group scheme 
of finite type over k. Throughout we denote a linear algebraic group over 
k hy H, its identity component by H, and the finite etale group scheme of 
connected components by 7To{H) := H/H; and similarly for other letters 
of the alphabet. Note that the unipotent radical RuH of H (if it exists 
over k) is a normal subgroup of H. Any homomorphism of algebraic groups 
(f): G ^ H restricts to a homomorphism (j): G H. 

From now on let G be a linear algebraic group over k such that G is 
reductive. To simplify the assertions we assume that G is quasi-split (this 
is the only case we will use). We choose a maximal torus T and a Borel 
subgroup B ol G. Consider the finite groups 

W := NormG(fe.ep)(r(fc^^P))/r(A;«^P), 
W := Norm^(,..,)(r(fc-P))/r(fc-P), 

n := (Norm^(,..p)(r(fc-P))nNorm^(,..p)(S(fc-P)))/r(fc-P). 

The fact that W acts simply transitively on the set of Borel subgroups 
containing T^sep implies that W = W Xi ^, and the fact that G(A;^^p) acts 
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transitively on the set of all maximal tori of G^scp implies that $7 = W /W = 
7To{G){k^^P). Also, let / C be the set of simple reflections associated 
to the pair (T,B). As this pair is unique up to conjugation by G{k^^^), 
and NormG(fc-p)(r(A:^*^P)) n NormG(fcBcp)(5(F°P)) = r(/c'^^P), the Coxeter 
system {W, I) and the groups W and Q are, up to unique isomorphism, 
independent of the choice of T and B. For any tt; G we fix a representative 
ti) € NormG'(T)(A:***^P). By choosing representatives attached to a Chevalley 
system (see |SGA3) Exp. XXIII, §6) for all wi,W2 G W with £{wiW2) = 
i^wi) + £{w2) we obtain 

(1.2.1) WiW2 = {W1W2)'. 

In particular the identity element 1 G is represented by the identity 
element 1 € G{k''''P). 

The Galois group Gal{k'^°'^ / k) acts on the group W preserving W, and 
/. In particular it acts on (W, I) by automorphisms of Coxeter systems. For 
any family X = {Xi)i of subsets of W we call its field of definition the finite 
field extension n{X) ^ k in k^^^ given by 

Gal(fc"^P/K(X)) = {7 G Gal(F"P/A;) ; Vi : -f{Xi) = Xi}. 

Lemma 1.2. Assume that G is semisimple adjoint or that G is semisimple 
simply connected or that the cohomological dimension of k ist < 1. Then for 
w (zW the representative w can be chosen in NormG(T)(K(t(;)). 

Proof. Considering W as a finite etale group scheme over k, the fiber of 
NormG'(T) — )• W over the point Spec k{w) — )• is a torsor under T. But 
H^{k,T) = under any of these assumptions: If cd(A:) < 1, then this is 
Lang's theorem (e.g. ^Sej). As T is contained in a Borel subgroup of G, the 
other assumptions imply that T is the product of tori of the form Res//fc(Gm), 
where / ^ A; is a finite separable extension ( |SGA3] Exp. XXIV, Prop. 3.13) 
which also implies H^{k,T) by Shapiro's lemma and Hilbert 90. □ 

Recall that the length of an element w €W is the smallest number i{w) 
such that w can be written as a product of £{w) simple refiections and that 
the Bruhat order < on is defined by ti;' < ti; if for some (and equivalently 
for any) expression of ti; as a product of i{w) simple reflections, by leaving 
out certain factors one can obtain an expression of w' as a product of i{w') 
simple refiections. As the action of Gal{k^^^ /k) on W preserves / it also 
preserves the length of elements and the Bruhat order. 

We extend the Bruhat order to W = W yi Q hj defining 

(1.2.2) wu < w'oj' :<;4> w < w' and uj = u' 
for Wjw' €W and u, uj' € Vt. 
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For any subsets J,K I, we denote by Wj the subgroup of W generated 
by J and by "^W (resp. , resp. '^W^) the set oi w € W that are of 
minimal length in the left coset Wjw (resp. in the right coset wWk, resp. 
in the double coset WjwWk). Then ^W^ = JwnW^. 

We let wq gW denote the unique element of maximal length in W, and 
wq^j the unique element of maximal length in Wj. Then 

(1.2.3) wo,jWo G -^W 

is the unique element of maximal length in '^W and 

(1.2.4) iiwo,jwo) = iiwo) - iiwo,j). 

1.3 Automorphisms of the Weyl group induced by isogenies 

Let (/?: Gfcscp — > G^scp be an isogeny, i.e. a finite surjective homomorphism 
of linear algebraic groups. Then ipiTi^scp) is a maximal torus of G^scp and 
if{BkBcp) is a Borel subgroup containing (^(Tfcaop). Let g G G{k^^^) such that 
^ip(Bkaep) = B^scp and ^(/^(Tfcsop) = T^scp. As NormGr(i?) Pi Norm(3(r) = T, 
the element g is unique up to left multiplication with an element of T{k^'^^). 
Therefore 'val{g) o ip: NormG(T)(A;'^'^P) — )■ NormG'(r)(fc'^'^P) does not depend 
on the choice of It induces an isomorphism of Coxeter systems 

(1.3.1) tp: {WJ) ^ {W,I). 

Let ijj : Gfcscp — )• G^sop be a second isogeny. We claim that 



(1.3.2) p o ijj = {p o ip. 
Indeed, let h G G(A:''°p) be such that 

^{'^{Bk^op),ip{Tf^Bcp)) = (Tkscp, B^Bcp). 

Then 

^'^'■'^\ip{'lp{Bkacp)),(p{llj{Tkacp))) = (Tfcsop,5fesop). 

This shows the claim. 

For g G G{k^^^), conjugation with g yields an automorphism of G^scp and 
hence an automorphism 5{g) of {W,I) as in (jl.3.ip . By (jl.3.2p . we obtain a 
homomorphism of groups 6: G{k'^'^'P) — )• Aut(VF, /). For g G G(A;'^'^P) one has 
5{g) = 1 by definition and hence one obtains a homomorphism 

(1.3.3) <5: ^o(G)(/fc''^P) ^ Aut(VF,/). 

It is easy to check that this action is the canonical action of Q on 14^ via the 
isomorphism TTo{G){k^^^) = Q. 
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1.4 Parabolic subgroups of non-connected reductive groups 

We fix a subset J of I and set k = k(J). We denote by Pj^^ the unique 
parabohc subgroup of the (spht) reductive group G^scp of type J which 
contains iJ^sop. As G is quasi-spHt over k, we have the following result (cf. 
[BoTilj 6.3). 

Lemma 1.3. The field of definition of Pj'^^ is k{J). 

In particular there is a (necessarily unique) parabolic subgroup Pj of 
Gn{j) of type J containing 

As Norm^ (Pj) n G^ = Pj, the canonical homomorphism 

Norm^jPj)/Pj ^ ^o(G.) 

is an open and closed immersion. Its image Jlj is the finite etale group 
scheme such that ^}j{k^^P) is the finite subgroup of those connected compo- 
nents G' of Gfcsep such that for one (or, equivalently, for all) g' E G'{k^'^'P) 
the parabolic subgroup ^ (Pj)fcsep of Gfcsep is G(A;*^''P)-conjugate to (Pj)fcaop. 
In other words, Qj is the stabilizer of J under the action 5 p.3.3|) . 

We fix a closed etale K-subgroup scheme of Norm^ {Pj)/Pj and de- 
fine an algebraic subgroup Pj,0 of as the inverse image of Q under the 
composition 

Norm^jPj) ^ Norm^ jPj)/Pj ^ f7j C 7ro(G«). 

The identity component of Pj^e is indeed Pj = Pj^e fl G^ and ■kq{Pj) = Q. 
We denote by 

Parj^e := Par^^^g := G^/Pj^e 

the quotient. Again this quotient depends on the choice of T and B only up 
to unique isomorphism. If G = G is connected, one necessarily has B = 1 
and 

Parj := ParG,j,i = GjPj 
is the standard partial flag variety of parabolic subgroups of G of type J. 

1.5 Bruhat decomposition for not necessarily connected 
groups 

In this subsection we assume that k = k^^^ is separably closed. All schemes 
X occuring in this section are smooth over k, allowing us to confuse X and 
X(k). We fix two subsets J,K C I and two subgroups C and A C 0^. 
We want to describe the (Pj,e) Prt, A )-double cosets of G. To do this we recall 
first the connected case and then generalize to the non-connected case. 

Let T C P be a Borel pair of G. Let N = NormG(r). If G = G 
is connected, it is well known (e.g., [Ti] Theorem 5.2), that as G is split 
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over F^P, the tuple (G(F^p), B(F^p), iV(/c'^^P), /) is a Tits system in the 
sense of [BouLiej Chap. IV, §2.1, Def. 1. The subset -^W^ is a system 
of representatives for the set of double quotients Wj\W/Wk- Hence the 
Bruhat decomposition for Tits system ( [BouLiej Chap. IV, §2.5, Rem. 2) 
implies that the map 

■^W^ Pj\G/Pk, 
(1.5.1) J\ / 

w i-> Cj^k{w) ■■= PjwPk 

is bijective (and independent of the choice of the representative w m. N for 
w G W). Moreover, by |BoTi2] §3 one has for w,w' G "^W^ 



(1.5.2) Cj^k{w') C Cj^k{w) ^w' <w. 

We will now generalize this first to the case that G is not necessarily 
connected, but still Pj^e = Pj and Pk,a = Pk- For each a; G fix a 
representative 6j G Norm^(i?) R Norm^(r) and for w = woj G W with 
w G W and u G set w := wu. 

Define 

(1.5.3) '^W^ := {w = wuj eW = Wn ; uj£n,we -^W^^^^ }. 
Lemma 1.4. The map 

^W"" ^ Pj\G/Pk, w ^ Pj<bPK 
is a bijection. One has 



PjwPk ^ PjwPk ^ w < w, 
where "< " denotes the extended Bruhat order (jl.2.2p . 

Proof. The subgroup '^Pr is a parabolic subgroup of G of type uK. As 
Co G Norm^(i?), it contains B and hence '^Pk = Pui(K)- Therefore one has 

PjwujPk = PjwP^i^K)'^- As G = Uojgo lemma follows from the 

Bruhat decomposition in the connected case ( (|1.5.ip and ()1.5.2p ). □ 

Finally consider the general case. Let Lj be the unique Levi subgroup 
of Pj containing T and set 

(1.5.4) Lj,e :=Normp^^^(Lj). 

Define subgroups of W as follows 

Wj,e :=Norm|^^ jT)/r, 



(1.5.5) 

:= liNorm; 



nj,e := (Norm^ (S) nNorm^ (T))/r. 
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These subgroups satisfy 

WjQ = Wj X Jlje, 

(1.5.6) . ' 

^j,0 — 7ro((-Lj,e)fc=<=p) — 7ro((-Pj,e)fc='^p)- 

As € Norm^(Pj) we have 

(1.5.7) Pj,©= II ^jw= U ^^J- 

We have analogous definitions and properties for Lk, Lk,a, Wk,a, and 

Lemma 1.5. Let coi € ^Ij and L02 € ^k- 

J " K J " K 

(1) For w €z W one has again ujiwuj2 G W . 

(2) Let w^w' with w < w' . Then ujiwuj2 < U}iw'uj2. 

Proof. As explained in the definition of fij, we have u;i( J) = J and uj2{K) = 
K. Let w = wuj with w G 17 and w G '^T^'^^-'^). Then UJ1WOJOJ2 = uji{w)ijJiojoj2 
with 

and hence uJiwu}U}2 G 1^ • 

The second assertion follows from the fact that the action of $7 on 1^ 
preserves the set of simple reflections and hence the Bruhat order. □ 

The Lemma shows that we can form the double quotient 

(1.5.8) := nj^eX^w^'/riKA 

and that the partial order on W induces a partial order on '^''^W ' . For 
w & W we denote by G ' W ' its image. Then we deduce from 
Lemma 11.41 and from (jl.5.7p : 

Proposition 1.6. The map 

^'"^w""'^ ^ Pj,e\G/Px,A, [w] ^ Pj,e<bPKA 
is a bijection. One has 



Pj,ew'PK,A C Pj,ewPKA ^ [w'] < [w]. 

Remark 1.7. Recall that we may consider any partially ordered set {Y, <) 
as a topological space (a subset U C Y is open if and only if for all n G C/ 
one has {y (zY ; u < y} C U). In particular we may consider ' W ' as 
a topological space. For elements w = wuj and w' = w'oj' in W we have by 
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definition w < w' and only w < w' and to = oj'. Thus — > fi, woj i— )• uj 
induces a continuous map 

(1.5.9) -'•^VT^'^ ^ f^j,e\f^/J^x,A, 

where the right hand side is endowed with the discrete topology (associated 
to the trivial partial order). 

The topological space associated to a partially ordered set of the form 
"^W^ is irreducible (and in particular connected) because the unique maxi- 
mal element of is a generic point. In particular we obtain the following 
result. 

Lemma 1.8. The fibers of (|1.5.9p are the connected components of^'^W ' . 



1.6 The Bruhat stack 

Now let k be again an arbitrary field. We keep fixing two subsets J,K C I 
and subsets G C and A C as above. Set k := k{J,Q, K, A), and 
r := Ga\{k^^^/K). Therefore the subsets J, Q, K, and A are F-invariant by 

definition. This implies that the F-action also preserves the subset of 
W and induces an action on ' Vl^ ' . To simplify the notation we omit for 
schemes defined over a subfield of k the base change to k. For instance we 
write simply G instead of G^. 

Consider the left diagonal action of G on Parj^e x Par^^A- The quotient 
stack 

(1.6.1) Bj,e,K,A := Bj,e,KAiG) ■= [G\(Parj,e x Par^.A)] 

is called the Bruhat stack of G of type (J, Q, K, A). 

Remark 1.9. By Lemma [TT] one has 13j^q^k,a = [Pj,0\G / Pk,a]- 

Proposition 1.10. The algebraic stack Bj^q^k,a is of finite type and smooth 
of relative dimension — dim(Lj) over k. Its underlying topological space of 

Bj,B,K,A is homeomorphic to T\ ' W ' . One has 

7ro('Sj,e,x,A) = T\{nj^e\n/nK,A)- 

Here we consider as usual the partially ordered set "^'^W ' as topolog- 
ical space (Remark II. 7p . As F is also compatible with the Bruhat order, it 

J,0^f^X,A , ^, j,e -^x.A , 
acts by continuous automorphism on W and 1 \ W denotes the 

quotient space. 
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Proof. The first assertion is clear because Parj^e ^-nd Par^^^A are smooth 
and of finite type over k and because dim(G) — (dim(Pj^e) + dim(Px,A)) = 
— dim(Lj). The description of its underlying topological space follows from 
Proposition 11.61 and the general description of the underlying topological 
space of quotient stacks given in |PWZ2] 1.2. The description of its set 
of connected componenents follows from the description of its underlying 
topological space and Lemma 11.81 □ 

Write w G ^W^ as w = wuj with G and w G ■^W'^^^\ We set 



and let wj^k be the element of maximal length in '^"'Wj^(x) (|l-2.3p . Then 



wwj^K is the element of maximal length in "^W n WjwW^(^x) by a result of 
How'lett QPWZlj 2.7 and 2.8). We define 

(1.6.2) ij^Kiw) := 1{wwj,k). 
By loc. cit. one has 

(1.6.3) ij,Kiw) = iiw) + i{wj,K) = i{w) + iiwo,K) - iiwojj. 

Remark 1.11. It is easy to check that left (resp. right) multiplication of w 
with elements of 0,j (resp. of does not change ij^xiw). Moreover, the 
P-action preserves the length of elements and the sets J and K. Therefore 
^j,k{w) = Ij^k{i{w)) for all 7 G P. 

For X G TX^'^^W^'^ we denote by the corresponding residual gerbe 
(in the sense of [ LaMoj (11.1)) of Bj^q^k,a- This is the unique reduced 
locally closed algebraic substack of 13j^q^k,a whose underlying topological 
space consists of the point x. 

Proposition 1.12. The residual gerbe is an algebraic stack smooth of 
relative dimension ij^xix) — dim(PR-) over Spec/t. 

Proof. One has 



where is the residue gerbe of the point [w\ oi Bj^Q.KAi^^^^"'^)- Therefore 
we may assume that k is separably closed and hence P = 1 and x = [w] for 

some [w] G ' ' . To simplify the notation we will for the rest of the 
proof confuse smooth algebraic groups H and their A^'^'^P-valued points. We 
write w = wuj with a; G Q and w G •^W^'^^\ 
The image of 



Pj,e X Pka {p, q) ^ pwq 
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is a locally closed subset. If we endow it with its reduced scheme structure 
it is a smooth subscheme Cj^q^k,a{w) of G (being an orbit under the action 
of Pj^Q X Pk,a)- As Pj^q and Pk,a are smooth, it is the fppf orbit of w and 
^[w] = [-Pj,e\Cj,e,i<:,A(^)/^^,A]- This shows that is smooth of relative 
dimension 

(1.6.4) dim(^[^]/A;) = dim Cj,e,i<:, A (w^) - dimPj^e - dimPft:^A 

over k. To calculate the right hand side we note that it does not change if 

we replace Pj.e by Pj and Pk,a by Pr- Thus we assume from now on that 

J " K 

= A = 1 and hence [w] = w for some w = wuj G W . Moreover, by 
right multiplication with a;~^ we may also assume that uj = 1. 
Recall that we chose a Borel B of G with B C Pj H Pk ■ Then 

PjwPk = U BvB. 

vGWjwWk 

But by a result of Howlett every v € WjwWk is uniquely expressible in the 
form wjwwk with j G Wj and wk G '^^Wk (e.g., |DDPWj . Proposition 
4.18). Moreover £{v) = £{w j) + £{w) + £{'Wk)- Thus we obtain 

y BvB = IJ IJ BwjwwkB 

= y y BwjBwwkB = y PjwwkB. 

WK e '^^ Wk wk e '^^ Wk 

The double coset Pjwwj^kB is open and dense in this union and hence 
d\m.Cj^K{w) = dim Pjwwj^kB and ()1.6.4p yields the desired description of 
dim(%/k). ' □ 

Definition 1.13. Let x G r\^'^Tl^ ' . For every morphism of algebraic 
stacks 13: S ^ Bj,e,K,A we denote by ^S[f3) the locally closed substack of 
S defined by the following two-cartesian diagram 

-S{I3) 



e,K,A- 

The family (^5(/3))a; is called the Bruhat stratification associated to 13. 

Remark 1.14. For a morphism of algebraic stacks (3: S —?■ Bj^q^k,a the 
inverse images of the connected components of Bj^q,k,a, which are para- 
metrized by T\{Qj^Q\il./QK,A) by Proposition 11.101 form open and closed 
algebraic substacks of S. 
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1.7 Examples 

Example 1.15. The Bruhat stratification allows the following reinterpre- 
tation of the notion of relative position of two parabolic subgroups of G. 
Assume we are given x G such that k(J) = = k{x) = k. Let S 

be a /c-scheme and let P and Q be parabolic subgroups of Gs of type J and 
K, respectively. Then (P, Q) corresponds to a morphism S — )■ Parj Pari^-. 
Composing with the canonical quotient map to Bj^k we obtain a morphism 
5 — Bj^K and hence for x € r\''T^^ a subscheme of S. 

Definition 1.16. We say that P and Q are in relative position x ii = S. 

Example 1.17. Let {V, { , )) be a symplectic space of dimension 2g over 
k and let G = GSp{V, ( , )) be the corresponding general symplectic group. 
Let {W, I) be the Weyl group of G together with its set of simple reflections. 
As G is a split reductive group, the Galois action on [W, I) is trivial. Let L C 
y be a Lagrangian subspace (i.e., a totally isotropic subspace of dimension 
g) and let P C G be its stabilizer. As G{k') acts transitively on the set of 
Lagrangian subspaces of 14' for every extension k' of /c, G/P is isomorphic 
to the A:-scheme parametrizing Lagrangian subspaces oiV. In other words 
for a /c-scheme S the set of 5- valued points {G/P){S) is the set of totally 
isotropic locally direct summands of V iS)k of rank g. Let J C / be the 
type of P and set K := J. Then an easy calculation shows that the partially 
ordered set '^W^ is isomorphic to the totally ordered set {0, ... ,5} (see for 
instance [ViWdj A.8). 

The attached Bruhat stack Bjj{G) is the stack in groupoids fibered 
over the category of /c-schemes whose fiber over a fc-scheme S is the cat- 
egory of triples {{^,{ , )),^,^'), where {^,{ , )) is a locally free ^5- 
module of rank 2g endowed with a symplectic pairing and where ^ and 
are Lagrangian subspaces of The morphisms ((^i,( , )^),^i,.if/) 
{i'^2,{ ) )2)'-^2)^2) ™ this category are symplectic similitudes ip: ,'^\ — 
^2 such that ^{5£x) = ^2 and V(^i') = ^2- 

If 5 — Bj^j{G) is a morphism corresponding to a triple ((^, ( , )), 
as above, then for x G {0, . . . , = ■^W^ the locally closed subscheme 
is defined by the following property. A morphism of schemes f : T S 
factors through ^'5 if and only if f*^/{f*{^) + f*{^')) is locally free of 
rank g — x. 

Remark 1.18. In |Wd2| we will study the Bruhat stratification attached 
to the Hodge filtration and the conjugate filtration of the universal abelian 
scheme over the special fiber of Shimura varieties of PEL type of good re- 
duction. Then Example 11.171 will show that in the Siegel case the Bruhat 
stratification is nothing but a scheme-theoretic version of the stratification 
by the a-number. 
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2 The Bruhat strata induced by F-zips with addi- 
tional structures 



2.1 G-zip functors 

In this section G is a linear algebraic group with reductive identity compo- 
nent G over a finite field ¥q with q elements. We fix an algebraic closure Fg 
of ¥g. Otherwise we use the general notation introduced II .21 In particular 
{W, I) denotes the Weyl group of G. We let if be the automorphism of W 
induced by the geometric Frobenius x i— > x^/'^ which topologically gener- 
ates Gal(Fq/Fg). This is also the automorphism induced by the Frobenius 
isogeny F: G ^ G as explained in Section 11.31 We denote by G-Rep the Fg- 
linear abelian tensor category of finite-dimensional rational representations 
of G over ¥q. 

Let S be an Fg-scheme. Recall from [MoWdj that an F-zip over 5" is a 
tuple ^ = G' , D,,{p,) consisting of a locally free sheaf of ^g-modules 
of finite rank ^ on S, a descending filtration G' and an ascending filtration 
D, of and an 1^5-linear isomorphism ipi : (gr^ ^^^'^ — )• gr^ ^ for every 
i € Z, where ( )^'^) denotes the pullback by the Frobenius morphism x 1— > x'^. 
In a natural way (see |PWZ2| Section 6) the F-zips over S are the objects 
of an exact Fg-linear tensor category F-Zip(5). 

More generally, as F-zips satisfy effective descent with respect to fpqc 
coverings, there is also the obvious generalization of an i^-zip over an alge- 
braic stack S defined over Fg. We obtain the exact Fg-linear tensor category 
F-Zip(<S). 

In ^PWZ2j "i^'-zips with G-structures" over an Fg-scheme S are defined. 
These arise for instance from the De-Rham cohomology of smooth proper S- 
schemes X whose Hodge spectral degenerates and commutes with arbitrary 
base change S' ^ S (see |PWZ2| Section 9 for details and further examples) . 
We now explain how every such "F-zip with G-structure over 5" yields a 
Bruhat stratification of S. 

First recall the precise definition of "F-zip with G-structure" . 

Definition 2.1. A G-zip functor over S is an exact Fg-linear tensor functor 
3: G-Rep F-Zip(5). 

Again, as also G-zip functors satisfy effective descent with respect to fpqc 
coverings ( |PWZ2j Proposition 7.2), there is also the obvious generalization 
of a G-functor over an algebraic stack. 

Let A; be a finite extension of Fg and let /i be a cocharacter of G^- To 
simplify later notation we assume that vro(G)fc is a constant group scheme 
(which always holds after passing to a finite extension of A;). The homo- 
morphism /i induces a grading on := V (^f, ^ for every representation 
y of G and thus an Fg-linear tensor functor 7^ from G-Rep to the category 
of graded /c-vector spaces. On the other hand, any G-zip functor 3 over S 
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induces an F^-linear tensor functor from G-Rep to the category of graded 
locally free sheaves of ^5-modules on S which sends V to gr^{],(y)). Then 3 
is called of type fi if the graded fiber functors gr^ 03 and 7^ are fpqc-locally 
isomorphic. 

Remark 2.2. For classical groups G-zip functors of type fi are indeed 
equivalent to certain F-zips with additional structures. For instance, for 
G = GL^^F^ evaluating a G-zip functor over S in the standard representation 
yields by |PWZ2] 8.1 an equivalence of the category of G-zip functors over 
S and the category of F-zips C ,D,, ip,) of rank n (i.e., rk^g(^) = n) 
over S. Here such an F-zip corresponds to a G-zip functor of type ji if and 
only if is conjugate to 1 1-^ diag(t''^, . . . (with € Z) and 

(2.1.1) rk^^(gr*t7-^) =#{i G {l,...,n} ; r, = i }. 

For further examples see the application using orthogonal groups below and 
|PWZ2] Section 8. 

We denote by G-ZipFun^(5) the category of G-zip functors of type 
over S (morphisms are morphisms of functors that are compatible with the 
tensor product). As S varies, G-ZipFun'^ is a category fibered in groupoids 
over the category of /j-schemes. In fact, by results of |PWZ1] and |PWZ2] 
there is the following description of G-ZipFun'^. 

Let P± = L tK U± C Gfc be the unique opposite parabolic subgroups with 
common Levi component L and unipotent radicals U±, such that LieC/+ is 
the sum of the weight spaces of weights > 0, and LieC/_ is the sum of the 
weight spaces of weights < in Lie Gk under Ado fi. Set L := Cent^^ (fi) and 

P± := L x U±. Then P± C Norm^(P±) and P± is the identity component 
of P±. We set 

(2.1.2) e := 7ro(L) ^ 7ro(P±). 

As G is defined over Fg, one has G^^^ = Gk- Via this isomorphism we 
can consider x^'^^ again as a cocharacter of Gfc, with associated subgroups 

The associated zip group ( jPWZ2j Section 3.4) is the linear algebraic 
subgroup of P+ Xfe p1^^ defined as 

(2.1.3) E^^^ := { (£u+,^(«)u_) ; £ G L, n+ G U+,U- G U^^^ }. 

It acts from the left hand side on Gk by the formula 

(2.1.4) {p+,p_)-g := p+gpZ^ ■ 

We explain now how to attach, for any /c-scheme 5, to <^ G G{S) a G-zip 
functor i{g) of type n over S. 
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Let p: G GL(y) be a finite-dimensional representation of G over ¥g, 
let Vs := V (8)Fg ^5, and let p(g') e GL(V5) be the image of g under p{S). 
The cocharacter p yields a grading on 14 . By base change to S we obtain 
a grading Vs = ©jgz ^5 which induces a descending filtration C"(Vs'). As 
V is defined over Fg, there is a natural identification V^'^^ = Vs- Thus we 
may consider the decomposition 0jg2 p(5')((V5)^'^^) as another grading of 
Vs- Let D,{Vs) be the induced ascending filtration. Finally let <pi for all 
i E Z be the isomorphism 

(2.L5) ^f'^ : gvhm^'^^ = ^ = g^^Vs), 

where the arrow in the middle is given by p{g)- In this way we obtain a func- 
tor 3(3') by sending the representation p to the F-zip {Vs, G*{Vs), D,(Vs), v2) 
over S. 

Theorem 2.3. The above construction g 1— > 3(g) induces an isomorphism 
(2.L6) [EG,^Gk] G-ZipFun'' 

of algebraic stacks. In particular, G-ZipFun'^ is an algebraic stack, smooth 
of relative dimension over k. 

Proof. This follows from combining the following results from |PWZ2j : Propo- 
sition 3.11, Theorem 7.13, and Corollary 3.12. □ 

Remark 2.4. Conjugation with g € G{k) yields an isomorphism 

~ u ~ int(g)ou 

G-ZipFun ^ G-ZipFun ^ ' . 



2.2 Zip strata 

We now recall the description of the underlying topological space of G-ZipFun 
It is again the topological space attached to a finite partially ordered set, 
and we obtain for every G-zip over a scheme S a stratification indexed by 
this partially ordered set. The strata are called zip strata. 

Fix a cocharacter p of Gk, k finite extension of F^, as above. We replace 
p by int((jr) o p for some g G G{k) such that there exists a maximal torus T 
of G and a Borel subgroup B oi G containing T (both defined over Fg) such 
that p factors through and is S^-dominant. This implies d L and 
-Bfc C P+. Let J C I be the subset of simple reflections associated to p, i.e. 

(2.2.1) J:= {i G / ; (/i,ai) =0}, 

where ai £ X*(T) is the i?-simple root corresponding to i G I. 
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For the theory of G-zip functors we need only G as in ()2.1.2p . But for the 
proof of Proposition 12.51 below we allow the added flexibility that Q C Qj is 
an arbitrary subgroup scheme (automatically finite etale). We also set 

(2.2.2) K ■.= '^°^{J) = ipC''>J) 

(recall that wq denotes the greatest element in W). For the field of definitions 
of J and K we have k{ J) = k(K) C k. We finally define 

(2.2.3) A:=(^(e). 
If e is defined as in (f2X2D . then 

(2.2.4) A = 7ro{L(''^) = MP±)- 

Let F = Gal{¥q/k) be the Galois group of k. 

The parabolic subgroup P+ is the unique parabolic subgroup of Gk of 
type J, i.e. P+ = Pj, where Pj denotes the standard parabolic subgroup 
with respect to {T,B) of type J (Section ll.4p . As K is the type of the 
parabolic subgroup P^'^ and as P^^ contains the Borel subgroup 
'"°B,we find P^"^ ='^<'Pk. Thus if 8 is defined as in (l2X2]) . we find 

(2.2.5) P+ = Pj,e, P^^ = ""'Pka 

because conjugation with an element in G{k) preserves each connected com- 
ponent of G. 

For general Q we still consider the algebraic zip datum (in the sense of 
[PyVZlj Definition 10.1) 

(2.2.6) i:=(G,Pj,e,""P^,A,(^), 



where 



is the Frobenius isogeny. Let 

(2.2.7) E^ jQ = { {u£,vip{e)) ; u G nu{Pj),v G ''«7^„(P;^), £ G Lj,e } 

be the associated zip group. 

Let xq be the longest element in ^W'^^'^\ Then 

(2.2.8) xo = wo,KWo = woWo,^(^j^ G ""W^^-^^ , 

where wo,k and ?/^o,<^(J) denote the longest elements in Wk and in 
respectively. Let gQ G NormG(T)(fc) be a representative of xq (this exists 
because of Lemma 11.21 and because k is finite) . 
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The automorphism of W 

(2.2.9) V := int(a;o) o ip 

is F-equivariant, it induces an isomorphism of Coxeter system {Wj, J) — ?■ 
{Wk,K), and it sends Oj^e to ^k,a- '^^^ 

(2.2.10) {u,w) oj w := ujwil){uj)~^ 

defines a left action of Qj on '^Wn ( [PWZlj Lemma 10.4). As xq is fixed 
by r, this action is F-equivariant. We denote the set of ilj^e-orbits of "^VFO 
under the action by 

(2.2.11) Ej,e-=^j,eVwn. 

The set Hj^e is endowed with a partial order ^ as follows. For w,w' G 
■^Wfi we define 

(2.2.12) w' :^ BveWjQj^e- vw'ij{vr^ < w. 

This defines a partial order on "^W^i ( |PWZlj Theorem 10.9) preserved by 
the action of F. Moreover the above action of Oj^e also preserves the partial 
order ^ ( |PWZ2j Lemma 3.18). Thus we obtain an induced partial order 
(and hence a topology) on Hj^e. 

Again we fix for w € O a representative 

w G Norin^{B)(¥g) n Norm^(r)(f g), 
and for w = wuj G W ^ w G W , G 17, we set w := w6j G Norm^(r)(Fg). 

Proposition 2.5. Attaching to w & ^WQ. the j ^{Fq) -orbit of wgo G 

G'(Fq) yields a homeomorphisni of the topological space associated to the 
partially ordered set F\Hj^0 with the underlying topological space of the al- 
gebraic stack [E^ J Q\Gk]- 

Proof. It is easy to check that (T, B, go) is a frame ( |PWZlj Definition 3.6) 
for the connected algebraic zip datum Z = {G,Pj,'^°PK,'f)- As ^°Pk = 
^0 Pk conjugation by g^ yields the frame (T, B,gQ) of the connected algebraic 
zip datum Z' := {G,^"Pj,Pk,^), where again if denotes the Frobenius. 
Let Z' := {G,^° Pj^Q, Pk,At^) and let E' be the attached zip group. By 
[PWZl] Proposition 7.3 the zip datum Z' is orbitally finite. Hence the 
^'(Fg)-orbit of goth is the subset denoted by G"^ in |PWZ1) (10.5). Therefore 
[PWZl] Theorem 10.6 implies that w i-^ qqw induces a bijection from F\H j^e 
to the set of ^'(Fg)-orbits on (^(Fg). Moreover [PWZl] Theorem 10.9 shows 
that this map is a homeomorphism. By composing with the inverse of the 
conjugation with go we obtain the claim. □ 
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Corollary 2.6. Denote by Ilj.e the QjQ-orbits on Q under the left action 
{6,uj) ^ 6 -(pUJ := 9ojLp{9)^^ . Then the homeomorphism in Proposition \2.5\ 
induces a bijection 

(2.2.13) r\nj,0 M[EG,j,e\Gk]). 

Proof. For v = v9 with v € Wj, 6 € ^j^q and w = wijJ with w € "^W^, a; € 
one has vwip{v)~^ = w9uj(p^^{9) for some w € W. Hence Proposition 12.51 
imphes the claim using the definition of the partial order (j2.2.12|) which 
induces the topology of [E^ jQ\Gk\- D 

By combining Proposition 12.51 and Corollary 12.61 with Theorem 12.31 we 
obtain: 

Corollary 2.7. The underlying topological space of G-ZipFun'^ is homeo- 
morphic to the topological space associated to the partially ordered set r\Sj^e- 
The set of connected components o/G-ZipFun'^ can be identified with r\nj^0. 

Let 3 be a G-zip functor of type /i over a scheme S. Then 3 corresponds 
to a morphism Q: S ^ G-ZipFun^ and we obtain a corresponding zip strat- 
ification of S as follows. 

For ^ G r\Hj^0 let '^^ be the corresponding residual gerbe of G-ZipFun'^. 
For every morphism of algebraic stacks Q: S ^ G-ZipFun we denote by 
iS^(C) (or 5^(3) if 3 is a G-zip functor of type jjL corresponding to Q) the 
locally closed substack of S defined by the following two-cartesian diagram 

5«(C) -^^5 

(2.2.14) 

S — ^ G-ZipFun'^ . 

Definition 2.8. The family (5^(C))ggr\H/e called the zip stratification 
associated to Q (or to 3). 

2.3 Zip strata and Bruhat strata 

We now construct a morphism from the algebraic stack of G-zips into the 
Bruhat stack. We keep the notation of the previous section, i.e., we fix /i 
and k as above. From these data we obtain J ()2.2.ip . We fix 0. Again we 
are mainly interested in as defined in (j2.1.2p . From J and we obtain 
K ()2.2.2p and A (|2.2.3p . Finally we also fix a maximal torus T and a Borel 
subgroup B oi G and for every w in the Weyl group of G with respect to T 
a representative w E NormG'(r)(Fg) as above. For w = xq (|2.2.8p we denote 
a representative in NormG(T)(Fg) by go- 
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Define a morphism of /c-schemes 

^: Gk^ Parj^e x Pari^-^A, g ^ {Pj,b, QWoPka)- 
We obtain a composition of morphisms of algebraic stacks 

i^G^^Gk] [{Pj,e X ''°pKA)\Gk] ^ [Gfc\(Parj,e x Par^^.A)], 

where the first morphism is the canonical projection induced by the inclusion 
E/^ C Pje X ° Pk A and where the second morphism is induced by /3 (it 
is an isomorphism by Lemma ll.ip . Hence by Theorem 12.31 we obtain a 
morphism 

(2.3.1) ^: G-ZipFun^^Sj,©,i^,A. 

Proposition 2.9. The morphism /? is representable, of finite type and 
smooth of relative dimension dimLj. 

Proof. This follows from the construction of /3 and the fact that the quotient 
{Pj,B X Pka) I P^G ^l dimension dimLj. □ 

The morphism (3 induces an open continuous map of the underlying topo- 
logical spaces of these algebraic stacks which is given by Proposition 12.51 and 
Proposition II.IUI by a F-equivariant map 

(2.3.2) /3o:Hj,e^'''V'^ 

preserving the partial orders on these sets. We will now describe /3o- 
Define a map 

(2.3.3) ^Q-.W^^W^ 

by sending w = wu G W with w € "^W and a; G to w^^^^uj, where w'^^^^ 
is the element of minimal length in WjwW^^(^x)- 

Proposition 2.10. The restriction of to ^ induces the map Pq ()2.3.2p 

that describes the underlying continuous map of f3 (|2.3.ip . 

Proof. On quotient stacks, /? is given by [Ei^ jQ\Gk] [Pj,e\Gk/ Pk,a\- 
The diagram 

\EG,j,i\Gk\ [Pj,i\Gk/pK,i] 



[EGje\Gk] [Pj,e\GklpKA] 
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is commutative, where the vertical morphisms are the canonical projections 
obtained by the inclusions ji ^ Je' -^'i — ^J,^' ^ Pk,a- 

Thus it suffices to prove the proposition in the case = A = 1. 

By base change to a finite extension of k we may assume that T acts 
trivially on W. By Remark[TTT31 all connected components of [Pj,i\Gk/PK,i] 
are already geometric connected components. By Corollary \2.6\ the set 
of (geometric) connected components of [-E^a jQ\Gfc] is given by the set 
Ilj^e of r^j^e-orbits on fl under the action {9,u}) 6 uj, and the map 
induced by /3o on the set of connected components is the canonical map 
Ilj^e — ^ ^j,e\^/^K,A- Hence by restricting /3o to connected components, 
we can reduce to the case that G = G is connected. 

Now note that wqPk = wqWq^kPk = Qq^Pk- Hence it follows from 
Proposition 12.51 that the underlying continuous map of /? is induced by the 
map 

JW ^ (G/Pj)(F,) X (G/P^)(f,), w ^ {Pj{¥,),wgogo^PK{¥q)) 

Via the description of a double quotient in Lemma 11.11 we thus see that /3o 
is induced by 

JW ^ Pj{¥g)\G{¥,)/PK{¥g), w ^ Pji¥q)wPK{¥g). 
This shows the claim. □ 

The fibers of (3 define the Bruhat stratification ( G'-ZipFun'^(/3)) ^j,e^K,A 

on G-ZipFun (Definition [LIS]) 

For many classical groups G a G-zip functor is the same as an F-zip 
with additional structures ( |PWZ2] §8). Moreover, often Parj^e and PaiCK,A 
classify flags with certain properties. Then /3 is simply given by attaching 
to an F-zip ,C* , D,,ip,) with additional structure the underlying flags 
of C* and D,. We make this more precise for GL„. 

Example 2.11. Let G = G = GLnj^ and let /i be the cocharacter t 
diag(t''^, . . . with ri > • • • > r„. In particular we have k = ¥q. Let T 
be the diagonal torus and B the Borel subgroup of upper triangular matrices. 
Then fi is dominant with respect to i?. It induces a grading on V = ¥q and 
hence a descending flltration C* and an ascending filtration D, on V. The 
stabilizer of C'{V) in GL„ is the parabolic subgroup Pj where J is defined 
as in dMH). The stabilizer of D,{V) is """Pr, where K = '^oj. 

As explained in Remark 12.21 evaluation in the standard representation of 
GL„ identifies the category of GL„-zip functors of type fi with the category 
F-Zip^{S) of F-zips satisfying (j2.1.1|) . Via this identification, the isomor- 
phism ()2.1.6p is induced by attaching to 5 G GL„(i^5') {S some Fg-scheme) 
the F-zip ^{g) = {Vs,C'{V)s,g{D.{V)s,ip',) with cpf as in ^T^- 

For G = GL„ the Bruhat stack Bj^k is isomorphic to the algebraic stack 
Flagj;^ classifying over an F^-scheme 5 triples {M.,T,Q), where is a 
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finite locally free ^5-module of rank n and where ^ (resp. ^) is a flag of 
^ whose stabilizer is a parabolic subgroup of GL„(^s) of type J (resp. of 
type K). 

By the description of f3 (|2.3.ip we hence obtain a commutative diagram 
GL„-ZipFun'' Bj^K 

F.ZipM(5) . Flag^^^ 

where the lower horizontal morphism sends an F-zip (^,C*,D,,(p,) to 
F1(C*), F1(D,)), where Fl(-) denotes the underlying flag of a filtration. 

We now return to the case that is defined by ()2.1.2p . 

Given a G-zip functor of type // over a fe-scheme S which corresponds to 
a morphism S ^ G-ZipFun'^ amd hence a zip stratification (5'^)^gr\Hje 
(Definition I2.8|) of S. Moreover composition of C with (3 yields a morphism 
5 — )• Bj^s^KA hence a Bruhat stratification {^S)^^^^j,e^K,A (Defini- 
tion ll.lSp . Hence by definition, every Bruhat stratum is a union of zip 
strata. This union can be described as follows. 

Corollary 2.12. Let x G r\'^'^M^^'^ be the T-orbit of Qj^qwcoQka with 
a; E and w € ■^W^^^\ Then the Bruhat stratum is the union of the 
zip strata given by the T -orbits ofVLj^Q -^wyujd where y € '^(■^)^^ "^"^W^^i^x) 
and 5 S ^k,^- 

Proof. The automorphism if^ (|2.2.9p induces an isomorphism J7j,e ^K,A- 
Thus for every double coset ^j,idwQ.K,A. representatives for the action ()2.2.10p 
are given by w5 for 5 € f^x,A- Moreover, the fiber in an element w G •^W^'^^^ 
of the map ■^W^'^^\ w i-> w"^^^^ induced by Po consists of the ele- 

ments wy with y G '^i^)^'^ '^"'M^tj(_ft:) by a corollary of a result of Howlett 
on Coxeter groups ( |PWZ1| Prop. 2.8). □ 

3 The example of the moduU space of K3-surfaces 

3.1 Twisted orthogonal F-zips associated to surfaces 

Let S be an algebraic stack over ¥p where p is an odd prime. Let X be 
a surface over S. By this we mean a smooth proper morphism f : X S 
representable by algebraic spaces and that has geometrically integral fibers 
of dimension 2 (these are automatically schemes). We assume that / satisfies 
the following two conditions. 

(Dl) The sheaves of ^5-modules -R^/^,(0^^^) are locally free of finite rank 
for ah a,b>0. 
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(D2) The Hodge-de Rham spectral sequence 



degenerates at Ei. 

Then the formation of the Hodge-de Rham spectral sequence commutes with 
base change S' — >• S, and H^-^{X / S) is locally free of finite rank for all d > 0. 

To simplify the exposition we assume that the locally constant Hodge 
numbers h""^ := vkffg{R^ f^{Q,'^^g)) are in fact constant. Below we will focus 
on the case that X is K3-surface over S, and then (Dl) and (D2) are always 
satisfied (cf. [Di] Prop. 2.2). 

The assumptions (Dl) and (D2) imply that the de Rham cohomology 
H^^{X/S) carries the natural structure of an F-zip over S (with q = p). As 
explained in [PWZ2] Section 9.2, the cup product yields a non-degenerate 
symmetric pairing 



where ]l((i) denotes the Tate F-zip of weight d ( |PWZ2| Example 6.6). In 
other words, the triple HIj^{X/S) := {H^^iX / S) , t{2) , U) is a twisted or- 
thogonal i^-zip in the following sense. 

Definition 3.1. A twisted orthogonal F-zip over S is a triple B) 
consisting of an F-zip over S", an F-zips ^ of rank 1 over S and a 
homomorphism of -F-zips B : Sym^ {^^M^ ~^ whose underlying symmetric 
pairing is perfect. 

The type of the F-zip H'^^(XIS) is n = (nj)jgz with no = ^^2 = 1 
(because of our assumption that / has geometrically integral fibers), n\ = 
h>^, and = for i 7^ 0,1,2. 

Note that all these assertions may be checked fpqc-locally on S and thus 
follow from the analogue results in the case that 5 is a scheme. 

3.2 Classification of some twisted orthogonal F-zips 

The case of surfaces leads us to study the following general situation. Let 
q be an odd power of a prime. We let Gm (resp. #4^.) be the multiplicative 
group (resp. the group scheme of r-th roots of unity) over Fg. 

We now study a general twisted orthogonal F-zip (^, i3) over an 
Fg-scheme 5, where ^ has type n = {ni)i^z with uq = n2 = 1, h := ni > 0, 
and rij = for z 7^ 0, 1, 2, and where ^ has type 2. Let n = h+2 = rk^g(^), 
let 6 be a non-degenerate split symmetric bilinear form on y = F^ , and let 
GO(y, h) be the group of orthogonal similitudes of {V^ b). Thus we have an 
exact sequence of algebraic groups 



(3.1.1) 



U:H^^{X/S)(^Hl^{X/S)^l{2), 



1 0{V,b) 



GO{V,b) 




23 



where rj denotes the multipher homomorphism. 

Fix n as above. Let be a cocharacter of GO{V,b) (unique up to con- 
jugation) whose weights on the standard representation V of GO{V, b) are i 
with multiphcity rii for alle i. By |PWZ2j 8.6 and Theorem 1 2 . 3 1 the following 
algebraic stacks are equivalent. 

(i) The stack of twisted orthogonal F-zip ^ of type n. 

(ii) The stack of GO{V, b)-zip functors of type ^. 

(iii) The quotient stack [£'Qo(v",;,),/i\ GO(y, 6)]. 

Hence the twisted orthogonal F-zip J£ , B) yields a zip stratification 
and a Bruhat stratification on S. We describe these strata in more detail. 

Flags and orthogonal spaces 

We start by reviewing some standard definitions. Let 5 be a scheme and 
let ^ be a finite locally free ^5-module. A flag in ^ is a set T of local 
direct summands of the ^s'-module ^ which is totally ordered by inclusion, 
which contains and and such that (^(s) C S\s) for all s G S* whenever 
S' C. (o' are two elements of T. The type of J- is the set of locally constant 
functions 

If is a local direct summand of we denote by co^ C its orthogonal 
in the dual 

Definition 3.2. Let S be any scheme over Z[l/2]. A triple {^,^,b), 
where ^ is a finite locally free 1^5-module, ^ is an invertible ^5-module, 
and where b: Sym^(^) ^ ^ is a perfect symmetric pairing, is called a 
space of orthogonal similitudes. Its rank is the rank of the i^-module 

A flag of (^, 6) is a fiag J- of such that for all (o' € there exists 
S' ^ T such that b (considered as an isomorphism ^ ^ ® J^) induces 
an isomorphism S' — > {S')'^ ® ^ ■ 

Again, all these notions satisfy effective descent for fpqc-coverings and in 
particular generalize immediately to the case that S is an algebraic stack. 

There is the obvious notion of an isomorphism of spaces of orthogonal 
similitudes over a fixed Z[l/2]-scheme S. Let SOSn(S') be the category of 
spaces of orthogonal similitudes of rank n over S where all morphisms are 
isomorphisms. Letting S vary over all Fg-schemes and with the obvious 
notion of pull backs for scheme morphisms S' ^ S we obtain a category 
SOS„ fibered in groupoids over the category of F^-schemes. 

Lemma 3.3. SOS„ is the classifying algebraic stack [GO{V,b)\Spec{¥q)] of 
GO{V,b). 

Proof. As descent data of spaces of orthogonal similitudes and their mor- 
phisms are clearly effective for fpqc coverings, SOS^ is a stack. Then the 
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lemma follows from the fact that any two spaces of orthogonal similitudes 
of the same rank on a Z[l/2]-scheme S are locally for the etale topology 
isomorphic ( [Kn] ) . □ 



We will now describe the groups GO{V, b) and their Weyl groups. Recall 
that n = dimF^(F) > 3. 

Case: n odd 

If n is odd, then there is an isomorphism 

S0(F,6) X ^ G0(y,6), (5, A) ^ Aid^oc,. 

Hence GO{y,h) is a connected split reductive group with root system of 
Dynkin type Bm with m := [n — l)/2 (with the convention Bi := ^1). Its 
Weyl group can be identified with 

W := {a & Sn ', (y{i) + (y{n + 1 — i) = n + 1 for alH = 1, . . . , n}. 

Then every w ^ W \s already uniquely determined by (w(«))i<i<m and 
w{m + 1) = m + 1. The longest element wq is given by the permutation 
i ^ n + \ — i and hence wq is central. The set of simple reflections is given 
by / = {si, . . . where 

Sj = (i, i + l)(n — i, n — i + 1), i = 1, . . . , m — 1, Sm = {m, m + 2). 

Here denotes the transposition of i and j. As GO{V,b) is split, the 

automorphism (f of {W, I) is trivial. The cocharacter fi yields by (|2.2.ip and 
(I2X2D the sets 

J = K = {S2, ■ ■ . ,Sm}. 

Lemma 3.4. The Bruhat order and the order ^ ()2.2.12p on "^W coincide 
and are total orders. The length function induces an isomorphism of totally 
ordered sets 

(3.2.1) -^VF ^ {0,...,n-2}, w^l{w). 

Under this isomorphism the subset "^W^ of corresponds to the set 
{0,l,n-2}. 

Proof. It is easy to check that 

{0,...,n-2}^^l^, 

]si...Sd, 0<d<m; 
a I— )■ < 

[Si... SmSm-l ■ ■ ■ S2ni-d, m + I < d < 2m - l] 

defines an inverse of (|3.2.ip . This shows that ()3.2.ip is an isomorphism 
of totally ordered sets, where "^W is endowed with the Bruhat order. The 
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order ^ is a refinement of the Bruhat order which still satisfies the relation 
w < w' ^ i{w) < i{w') (by |PWZlj Theorem 5.11). Thus it has to agree 
with the Bruhat order. The last assertion is clear. □ 

Finally note that = -^W (|2.2.11|1 because GO{V,b) is connected. 
Therefore the underlying topological space of the stack of twisted orthogo- 
nal F-zips of type n (with n as above and n odd) is the topological space 
attached to the totally ordered set {0, . . . , n — 2}. 

Case: n even 

If n is even, G0„ has two connected components and the homomorphism 
G0„ — )• IIJL2, g I— ?• vi9)/ det(g)'^/^ induces an isomorphism 7ro(GO„) — )• p,2- 
The identity component G of GO^ is a split reductive group of Dynkin type 
Dm with m := n/2 (with the convention D2 ■= Ai + Ai and D3 := A3). 
The case m = 2 would require some extra notation, thus we assume for 
simplicity m > 3. The Weyl groups of G and of GO^ can be identified with 

W := {a e Sn ; o-(i) + a{n + 1 - i) = n + 1}, 

W := {a €z W ; ^{ 1 < i < m ; a{i) > m } is an even number }. 

Again, every w & W is determined by (iS(i))i<i<m- We set 

w := (m, m + 1), 
where again (i, j) denotes the transposition of i and j. Then 

f2 = {id,6<j}. 

The set of simple reflections is given by / = {si, . . . , Sm} with 

Si := + l){n — i,n — i + 1), i = 1, . . . , m — 1, 
Sm := {m — l,m + l)(m, m + 2), 

Note that Sm-iSm = SmSm-i- Let Wo & W he the permutation i n + l — i. 
Then the longest element wq of W is given by 




wq, if m is even; 
wooj, if m is odd. 



As above, the automorphism ip of W is trivial and the cocharacter /i yields 
the sets 

J = K = {S2, . . .,Sm}- 

We have a;(sj) = Sj for 1 < i < m — 2 and u}{sm-i) = Sm- In particular 
u}{K) = K and hence 



26 



Moreover, CentGo„(/^) = GO 

n—2 ^Gjn- Hence if we define and A as in 
(|2X2]) and ([2X3]) . then we get 

e = A = 7ro(GO„_2) = 

and hence Oj^e = ^k,q = f^- It follows that the canonical map '^W^ 

^'^W ' is an isomorphism of partially ordered sets which we use to identify 
these partially ordered sets. 

We have a direct sum of partially ordered sets 

and the action ()2.2.10p of = preserves this decomposition. 

Lemma 3.5. The Bruhat order and the order ■< ()2.2.12p on "^W coincide. 
It is given by 

to := id < ti := si 

< ■■■ 

< tm-2 := Si • • • Sm-2 

^ tm—1 ■ — Si ■ ■ ■ Sfn—2Sm—li ^m— 1 • — Si ■ ■ ■ Sm—2Sm 
^ • — Si • • • SjYi 

^ t-m+l • — Si • • • SjYiSm—2 

< ... 

< t2m,-2 := Si ■ ■ ■ SmSm-2 ' ' ' Si, 

and each element is written as a reduced product of simple reflections (in 
particular £{ti) = i). Moreover = {id, ti, t2m-2}- The action of oj on 

"^W fixes the ti for i ^ m — 1, and it interchanges t^-i and t'^^^. 

Proof. For the Bruhat order this is easy to check. The order ^ is a refine- 
ment of the Bruhat order which also satisfies the relations w ^ w' ^ i{w) < 
£{w') and 

w :< w',i{w) = £{w') =^ w = w' 

(again by [PWZlj Theorem 5.11). Thus it has to agree with the Bruhat 
order. The remaining assertions are clear. □ 

Hence we see that the partially ordered set Hj^e (|2.2.11|) . which describes 
the underlying topological space of the stack of twisted orthogonal F-zips 
of type n (n as above, n even), is the direct sum (as partially ordered set) of 
the two totally ordered sets Q\'^W and Vl\^Wuj. For both of these totally 
ordered sets the length function is an isomorphism of ordered sets with 
{0,...,n-2}. 
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Description of the Bruhat stack and the zip stack 

In both cases (i.e., n odd and n even) we see that there are precisely three 
Bruhat strata parametrized by 

^PF^ = ®-'H^^'^ = {id,si,u;i}, 

where wi is the element of maximal length in . Therefore Proposi- 

tion [TTTO] implies that the Bruhat stack Sj^x(GO(F, 6)) has three points id, 
si, and wi, where id is a specialization of si, and s\ is a specialization of 
wi. The corresponding residual gerbes classify the following data. 

Remark 3.6. For every Fg-scheme S the group GO(y, acts etale lo- 
cally on 5 transitively on the set orthogonal flags in (y, h)s of type {1, n — 1}. 
This, together with LemmaElSl implies that the Bruhat stack Bj^k{GO{V, b)) 
classifies over an F^-scheme S tuples (^, 6, J^, where (^,6,^) is a 
space of orthogonal similitudes of rank n over S and where J- = {^i, ^n-i} 
and Q = {'^i,'^n-i} are two flags of {^,b,^) that both have the type 
— 1}. Moreover the Bruhat stratification is given as follows: 

(1) ^'^S is the closed subscheme of S where T = Q. More precisely, it is 
the unique closed subscheme of S such that a morphism f : T S of 
schemes factors through ^'^S if and only if f*J^ = f*Q. 

(2) '^^5 is the locally closed subscheme of S where C (or, equiv- 
alently, C and where + is a direct summand of ^ of 
rank 2. 

(3) ^'^S is the open subscheme of S, where = ^ (or, equivalently, 

^i+^„_i = ^). 

Now we can use Proposition l2.5l to deduce that the underlying topological 
space of the stack of twisted orthogonal F-zips of type n is the topological 
space attached to the partially ordered set 

(3.2.2) En := Hj^e, 

and the description of H„ obtained above yields the following result. 

Proposition 3.7. If n is odd (resp. if n is even) the stack of twisted or- 
thogonal F-zips of type n has one (resp. two) connected components which 
are also geometrically connected. The underlying topological space of each 
connected component is homeomorphic to the topological space associated to 
the totally ordered set {0, . . . , n — 2}. 

3.3 Zip strata and Bruhat strata for K3-surfaces 

Let S be an algebraic stack over Fp {p an odd prime) and let X ^ 5 
be a K3-surface over S. By this we mean that X is a surface over S as 
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defined in the beginning of Subsection 13.11 such that each geometric fiber 
Xg — > Spec(K(s)) is a K3-surface in the usual sense (i.e., ^'x-/s trivial and 

H\X-s,^x-J = 0)- 

Then the conditions (Dl) and (D2) above are satisfied and we obtain a 
twisted orthogonal F-zip 

M:=M{X) ■.= Hl^{X/S) 

as explained in Subsection 13.11 Its rank is 22. 

If we endow X with a p-principal polarization, we may attach also a 
primitive version of Ai. For this recall that a polarization on X is a class 
A G Picx/5(^) (where Pic^/s denotes the relative Picard scheme) such that 
for every geometric point s of S the fiber Aj is the class of an ample line 
bundle. Then for s € S the self intersection number d{s) := (A5.A5) {s some 
geometric point over s) is always an even integer and the function d: S* — t- 2Z 
is locally constant on S. A polarization A is called p-principal if its degree 
is prime to p. 

If A is a polarization on X, its first Chern class ci(A) is a global section 
of Hl^{X/S) with 

(3.3.1) ci(A) U ci(A) = d{X) e r(5, &s)- 

Form now on we assume that A is p-principal. Then p.3.ip shows that 
H'^^{X/S) = Hpn^{X,X) e (ci(A)), where (ci(A)) is the ^5-module gener- 
ated by ci(A) and where i/prim(^, A) is defined as the orthogonal comple- 
ment of (ci(A)) in H'^^(X/S). Moreover, it follows from results of Ogus 
( |0g| ), that (ci(A)) = ]1(1) and that the cup product induces on (ci(A)) the 
canonical pairing 1(1) (8) 1(1) — >■ 1(2). In particular we see that the cup 
product induces the structure of a twisted orthogonal F-zip on HpT.i^{X, A). 
We denote it by A4' = A4'{X,X). Its rank is 21 and its type is nf with 
n'o = n'g = 1, n[ = 19 and n ■ = for i / 0, 1, 2. 

Let {X, A) be a p-principally polarized K3-surface over S of constant 
degree 2d. The twisted orthogonal F-zips A4{X) and A4'{X,X) induce zip 
strcttci 

5 = U(5«)5,h.. = U4h.i 

and Bruhat strata 

The description of the Bruhat strata in Remark 13.61 shows that these two 
Bruhat stratifications coincide. 

The two connected components ^22,1 := ^\'^W and H22.2 := ^\'^Wu} of 
S22 yields a decomposition of S into two open and closed substacks Si and 
5*2. It is easy to see that this decomposition is given by the discriminant of 
orthogonal F-zips explained in [WdlJ (4.3). As the discriminant is the class 
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of -2d in F^/(F^)2 (by [WdT] Lemma 5.3), we see that one of this open 
and closed substacks is empty. More precisely, ^2 = if and only if —2d is 
a square in . 

Finally, the comparison between zip strata and Bruhat strata (Corol- 
lary [2TT2]) shows that 
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